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Abstract. The performance of SAT solvers based on the Davis-Putnam-Logemann-
Loveland procedure [6, 5] is sensitive to the choice of branch variable selection
heuristic [14]. Heuristics that do well on random instancestend to do poorly
on real-world instances and vice versa. In this paper, we attempt to bridge this
bifurcation with the notion ofclause weighting, which attempts to capture the
difficulty of satisfying a given clause in a portion of the search space. We show
how this notion can be used to uniformly modify several well-known heuris-
tics, namely, one-sided and two-sided Jeroslow-Wang [13, 2, 12], MOMS [3],
and Bohm [3]. We conducted a performance study using random and real-world
benchmark suites. The modified heuristics provide a statistically significant im-
provement in the runtimes and the number of nodes expanded onthe random
instances while performing at least as well on the real-world instances, as com-
pared to their non-modified counterparts.

1 Introduction

This paper presents the notion ofclause weightingand how it can be used to improve
the performance of solvers of the satisfiability problem. Webegin with notation and
definitions. We usev , with or without subscripts, to denote propositional variables.
A literal is eitherv or ¬v. A clauseis a sequence of literals combined with the log-
ical or (∨) operator. For example,(v1 ∨ ¬v3 ∨ v4) is a clause.C, with or without
decorations, is used to denote a clause. We use|C| to denote the number of liter-
als in C. A formula is said to be in conjunctive normal form (CNF) if it comprises
a set of clauses that are linked together with the logicaland(∧) operator. For example,
(v1 ∨¬v3 ∨ v4)∧ (¬v2 ∨ v4)∧ (¬v1 ∨ v2 ∨¬v4) is a CNF formula. We useF , with or
without decorations, to denote a CNF formula. Thesatisfiability problem(SAT) asks:
Given an arbitrary propositional logic formula that is in the conjunctive normal form, is
there an assignment of true/false values to the variables inthe formula that make all the
clauses in the formula evaluate to true? SAT was proved to be NP-complete by Steven
Cook [4] and is one of the well-known NP-complete problems [8].

In this paper, we focus on our attention on satisfiability solvers based on the Davis-
Putnam-Logemann-Loveland(DPLL) procedure [6, 5]. The DPLL procedure uses back-
tracking to systematically explore the exponential searchspace of possible truth value
assignments to the variables in the input formula. DPLL relies on a branch variable se-
lection heuristic to pick the next variable it will assign. In its simplest form, the DPLL



procedure on input formulaF while using branch variable selection heuristicH can be
stated as follows:

Algorithm 1.1: DPLL(F, H)

procedure DPLL(F, H)
if (F is empty)

then

{

comment: No unsatisfied clauses remain

return true
else if (F has an empty clause with no literals in it)

then

{

comment: The empty clause is unsatisfiable

return false

else
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Use the heuristicH to pick a branch literalx
Obtain formulaF ′ by assigningx to true inF

comment: removing any clauses ofF that contain literalx, and

comment: deleting any¬x literals from any remaining clauses

if ( DPLL( F ′, H ))
return true

else
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Obtain formulaF ′ by assigningx to false inF

comment: removing any clauses ofF that contain literal¬x, and

comment: deleting anyx literals from any remaining clauses

return DPLL(F ′, H )

Most complete SAT solvers are based on the DPLL procedure, and several DPLL-based
SAT solvers are available for public use including Zchaff [16], and MiniSat [7]. Modern
solvers feature sophisticated branch variable selection heuristics[14, 16, 11], efficiently
implemented unit propagation [17] and clause learning [15,18]. The choice of branch
variable selection heuristic has a significant impact on theperformance of DPLL-based
solvers, as was clearly shown in [14].

2 Branch Variable Selection Heuristics

Many branch variable selection heuristics, here onwards referred to as branching heuris-
tics or heuristics, have been proposed in the literature including Jeroslow-Wang [13, 2,
12], MOMS [3] and Bohm [3]. Branching heuristics tend to favor variables from shorter
clauses as this leads to increased unit propagation therebyleading to a shorter formula
after the assignment is made. The performance of DP-based SAT solvers is sensitive to
the choice of branching heuristic. No published heuristic is fastest for all input formu-
lae. The heuristics mentioned above are generally better atsolving real-world instances
than random instances. For completeness, we describe the heuristics considered in our
experiments.



2.1 Jeroslow-Wang Heuristic

For any given literalx in formula F , let h(x) =
∑

x∈C∧C∈F
2−|C|. The one-sided

Jeroslow-Wang (JW) heuristic selects the literalx which maximizes the value of func-
tion h. The two-sided Jeroslow-Wang (2JW) heuristic picks literal x such thath(x) +
h(¬x) is maximized and then picks literalx such thath(x) ≥ h(¬x). Note that this
heuristic favors variables that occur in shorter clauses over those that appear in longer
ones (on the average).

2.2 Bohm Heuristic

Let m be the maximum clause length in formulaF . Lethi(x) be the number of clauses
of sizei that containx. LetHi(v) = α·max {hi(v), hi(¬v)}+β ·min {hi(v), hi(¬v)}.
For each variablev, let f(v) = [H1(v), H2(v), . . . , Hm(v)]. The Bohm heuristic picks
variablev that leads to thelexicographicallymaximal vectorf(v). The valuesα andβ

are typically chosen to be 1 and 2 respectively.

2.3 MOMS Heuristic

MOMS stands for Maximum Occurences on clauses of Minimum size. Letm be the
minimum clause length in formulaF . For literalx, let h(x) to be the number of oc-
curences ofx in clauses of lengthm.

2.4 Clause Weighting

Our notion ofclause weightingattempts to capture the difficulty of satisfying a clause
in a portion of the DPLL search space. A similar idea is used inthe VSIDS heuristic
of the Zchaff solver [16]. In VSIDS, the rating for each literal is initially set to zero.
When a clause is learned, the counter for the literal is increased. VSIDS ratings are
periodically decreased by dividing by a constant. In our approach, we assign ratings
(weights) toclauses. All clauses in the formula start out with the same weight. When a
clause becomes false during the search process, we increment the weight of the clause.
Clause weights can be used in the computation of variable ratings in the JW, 2JW, Bohm
and MOMS heuristics to obtain modified heuristics JW+, 2JW+,Bohm+ and MOMS+,
respectively. The modified variable functions for JeroslowWang, Bohm and MOMS
are given below. We useweight(C) to denote the weight of clauseC.

Clause Weighted Jeroslow Wang Heuristic For any given literalx in formulaF , let
h+(x) =

∑

x∈C∧C∈F
2−|C| · weight(C). The clause weighted one-sided Jeroslow-

Wang (JW+) heuristic selects the literalx which maximizes the value of functionh+.
The clause weighted two-sided Jeroslow-Wang (2JW+) heuristic picks literalx such
thath+(x)+h+(¬x) is maximized and then picks literalx such thath+(x) ≥ h+(¬x).



Clause Weighted Bohm Heuristic Let m be the maximum clause length in formula
F . Let h+

i
(x) =

∑

x∈C∧C∈F∧|C|=i
weight(C), and let

H+

i
(v) = α · max {h+

i
(v), h+

i
(¬v)} + β · min {h+

i
(v), h+

i
(¬v)}

For each variablev, let f+(v) = [H+

1 (v), H+

2 (v), . . . , H+
m(v)]. As before, the clause

weighted Bohm heuristic picks variablev that leads to thelexicographicallymaximal
vectorf+(v).

Clause Weighted MOMS Heuristic Let m be the minimum clause length in formula
F . Let h+(x) =

∑

x∈C∧C∈F∧|C|=m
weight(C) The clause weighted MOMS heuris-

tics picksx which maximizes the value ofh+.

3 Experimental performance study

We conducted an experimental performance study of the effectiveness of clause weight-
ing. We compared the performance of heuristics JW+, 2JW+, Boehm+ and MOMS+
with the performance of JW, 2JW, Boehm, and MOMS, respectively, using two differ-
ent benchmark suites. Our random benchmark suite contained33 files generated using
themakewffprogram [1]. These files contain random formulae with 305 variables gen-
erated in the hard region [9]. The real world benchmark suitecontains 83 instances that
were obtained from the SIM library [10], which has SAT encodings for 167 problems
from many different domains.

The results were obtained under Red Hat Enterprise Linux 3 ona quad Intel Xeon
3.6 GHz machine with 4 Gigabytes of RAM. The SIM source was compiled with the
gcc 3.2.3 compiler. Each heuristic was allocated a maximum CPU runtime of 3600
seconds per instance. For each instance-heuristic pair, werecorded two common SAT
solver performance metrics, namely, CPU time and the numberof nodes generated.

We analyzed the performance results for all instances usingpaired t-tests. We found
a statistically significant decrease in the runtimes for themodified heuristics. We also
found a statistically significant decrease in the number of nodes generated for the mod-
ified heuristics. The modified heuristics generated an average of57% fewer nodes than
their non-modified counterparts. The average runtime for the modified heuristics was
51% faster than the average runtime for the non-modified heuristics. It is therefore clear
that the overhead of the clause weighting computation is justifiable.

We then analyzed the results broken down by instance type: Random or real-world.
The results for the random instances show that the modified and the non-modified
heuristics terminated in the allocated time for all instances. The modified heuristics pro-
duce statistically significant improvements on both the runtimes and number of nodes
generated. For the random instances, the percentage average improvement per instance-
heuristic pair is55% on the runtime and63% on the number of nodes generated.

The results for the real-world instances show that the modified heuristics were able
to solve 9 instances more than the non-modified heuristics inthe allocated time. These
data points were removed from the data set to facilitate the statistical analysis. For
the real-world instances, theclause weightedmodifications to the heuristics resulted in
non-significant improvements in the average runtime and theaverage number of nodes
generated.



We also performed two-sample approximate t-tests to compare the performance
improvements ofclause weightingin the random and real-world test suites. We found
that the differences between the performance improvementsin the random and the real-
world benchmanrk suites are statistically significant, both for the runtimes and for the
numbers of nodes generated. In other words, the implementation of clause weighting
results in a significantly better decrease in the runtimes ofthe random instances than
the runtimes of the real-world instances. The same is true ofthe decrease in the number
of the nodes generated.

4 Conclusions

We have presented the notion ofclause weightingwhich attempts to capture the diffi-
culty of satisfying a clause in a portion of the DPLL search space. We have described
how clause weightingcan be used to uniformly modify four published branching vari-
able selection heuristics namely, one-sided and two-sidedJeroslow-Wang, MOMS, and
Bohm. The non-modified versions of these heuristics are known to perform relatively
better on real-world instances than random instances. The results from our experimen-
tal performance study show that theclause weightedversions of the these heuristics
perform significantly better on random instances than the non-modified counterparts,
while preserving their original performance on real-worldinstances. This improvement
is observed for two common SAT solver performance metrics: runtime and number of
nodes generated. Thusclause weightingbridges the prior gap between the performance
of these heuristics on real-world instances and the performance of these heuristics on
random instances.
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